Abstract: It was demonstrated in [2] , [11] that d = 4 unitary CFT's satisfy a special property: if a scalar operator with conformal dimension ∆ exists in the operator spectrum, then the conformal bootstrap demands that large spin primary operators have to exist in the operator spectrum of the CFT with a conformal twist close to 2∆ + 2N for any integer N . In this paper the conformal bootstrap methods in [1] that were used to find the anomalous dimension of the N = 0 operators have been generalized to find the anomalous dimension of all large spin operators of this class. In AdS these operators can be interpreted as the excited states of the product states of objects that were found in other works.
Introduction
Over the last 40 years there has been a large interest in conformal field theories (CFTs'). This class of theories is both interesting from a mathematical point of view as well as from a physical point of view. Mathematically the Coleman-Mandula theorem ensures that the conformal group is the largest space-time symmetry that a non-trivial non-supersymmetric theory can posses, while the symmetry itself completely fixes the two-and three-point functions up to normalization. Physically they describe a variety of models, such as statistical systems near critical points and theories at the fixed points of renormalization group-flow.
For the purpose of this paper the main point of interest as to why these theories are worth studying is their application to AdS/CFT, i.e. a duality between type IIb string theory in the bulk of AdS and N = 4 SYM on the boundary [3] .
Since conformal transformations can be applied to rotate any set of four points onto a plane it has always been natural for CFT's (that live in a space that contains at least two spatial dimension) to map four points onto an euclidean plane to create an effective Euclidian theory. A while ago though it was demonstrated in [1] [2] that by considering CFT's on a Minkowski background an interesting property reveals itself. By assuming only that a CFT satisfies unitarity (ie. All OPE coefficients are positive definite and the conformal dimension of local operators satisfy a unitarity bound.) and a crossing symmetry, they have demonstrated that any CFT contains a sector of operators with large spin that behaves as a generalized free theory (GFT). Furthermore they have explicitly calculated the anomalous dimension associated with these large spin operators that contribute to leading order.
In this paper their analysis has been expanded to the subleading terms in the conformal partial wave expansion of the s-channel four-point function. The result is that as was predicted in [1] [2] that not only do operators have to exist with a conformal twist that lies in a region around 2∆ but there actually has to exist a tower of limit points in twist space at 2∆ + 2N for any integer N . This supports the conclusion that every CFT has a region which behaves as a GFT. From this the conclusion can be drawn that applying the AdS/CFT dictionary to any CFT results in a theory which has a high spin region that can be interpreted as a Fock space, which implies that that region can be interpreted as a gravitational particle theory in the weak coupling limit.
Beyond that the main focus of this paper is the anomalous dimensions associated with these higher order conformal blocks. These have been calculated and have been shown to just as for the N = 0 case to be inversely proportional to spin. The interpretation that the large spin limit in AdS behaves as a free field theory stays intact. Besides that it is shown that there is a good correspondence between the derived expression for the anomalous dimension and the dual shock wave calculation in AdS done in [5] , [6] .
This paper has been divided in the following way. In section 2 a short review will be given on the conformal bootstrap. It exists mainly to establish the notation that will be used throughout this paper. In section 3 a summary will be given of the methods and results obtained in [1] . Section 4 will contain an argument to the existence of operators with conformal dimension close to 2∆ + 2N and contains the deriviation of an expression for the anomalous dimensions of these double trace operators. Section 5 will contain some arguments from AdS that demonstrates that these anomalous dimensions reproduce the right leading order behaviour if the conformal dimension ∆ of the operators that appear in the four-point function is large.
The operator product expansion
The operator product expansion is the most important conformal field theory technique applied in this paper, as all results obtained are derived from this principle. The point of this section will be to establish the notation that will be used throughout this paper. The operators product expansion is the statement that any bilocal product of operators can be decomposed into a sum over all local operators in the spectrum, i.e.
Note that it is implied that this decomposition only makes sense when both the left and right hand side are located within an n-point function. Typically the two-point functions are diagonalized with respect to the conformal primaries and the non-zero coefficients are set to 1. In this case consistency with the three-point function demands the coefficient that appears in the OPE is the same as the one that appears in the three-point functions.
Since conformal invariance fixes the two and three-point functions and since we can apply the OPE to reduce any n-point function to a (n − 1)-point function we know everything there is to know about a CFT if we know all of the operators in the spectrum and all of their respective OPE coefficients.
Conformal partial wave decomposition
Unlike the two-and three-point function the four-point function is not fixed by symmetry. The reason for this is that for four points in spacetime we can construct two conformal invariants u =
typically called the conformal cross ratios or the anharmonic ratios. As a result any analytic function of these ratios f (u, v) satisfies the required symmetry properties and just on symmetry alone we can not find a unique expression for the four-point function. What can be done is to apply the OPE to any two pairs of operators within the four-point function, the result is a double sum over two-point functions. Due to the diagonalization of the two-point function each term in one sum will only connect to terms in the other sum that are from the same conformal family (i.e. descend from the same primary).
3) where the sum over k represents a sum over all primaries. For all purposes in this paper all operators that appear in the four-point functions are chosen to be scalar operators. Since the raising operator of the conformal algebra acts as a derivative on the operators, it makes sense to group all contributions from a single conformal family into a single function G(u, v), the conformal partial waves or conformal blocks. For a very long time series representations for these conformal blocks have been known, but somewhat more recently under certain conditions closed-from expressions for the conformal blocks have been found [16] , [17] , [18] .
By use of the coordinate transformations
they were able to solve the eigenfunctions of the Casimir operator of the conformal algebra. These lightcone coordinates have a simple interpretation if you use conformal transformations to map three out of the four points onto a straight line, this is demonstrated in figure 1 . On an euclidian plane these coordinates play the role of the usual complex coordinates z = x − iy andz = x + iy. On a Minkowski plane they can be interpreted as lightcone coordinates, in this paper the points are chosen be on a Minkowski plane. These eigenfunctions are of the form Figure 1 : In this picture the coordinate system is displayed in which z andz take on a more clear meaning as lightcone coordinates. The point x 1 is located at (0,0), x 3 at (1,1) and x 4 at (L,L). The point x 2 is free and is considered at z → 0,z → 1.
5) These functions because they are the eigenfunctions of the conformal Casimir are by construction conformal invariants and eigenfunctions of the scale invariance generator. As a result they can be interpreted as a function representation of the primaries that appear in the OPE. Also as such the conformal partial wave decomposition given above is analogous to decomposing functions into spherical harmonics.
The conformal bootstrap
In the previous section a certain choice has been made in the way the operators in the fourpoint function have been contracted. But the way pairs of operators have been selected in the four-point function should be in some sense arbitrary. If the insertion locations of the operators has been chosen such that in different choices of contraction both OPEs would converge than the result of evaluating the four-point functions should be equal. This is represented in a graphical way in figure 2, here we distinguish between the s-channel CPW decomposition and the t-channel decomposition. The relation between these two will play a critical role in the upcoming sections.
This conformal bootstrap or crossing symmetry places, as shall be seen, very heavy restrictions on a consistent CFT, for a very long time it has been suggested that it might be strong enough to find a general solution for a CFT [15] , since as mentioned before all of the dynamic information of a CFT is contained in its operator spectrum and it's OPE coefficients. This section will contain a very short review on the argument developed in [1] where the authors have derived expressions for the anomalous dimension of operators with conformal dimension 2∆ + s for large spin 1 , assuming the existence of a conformal primary with dimension ∆. Or to put it more explicitly, their result is that if a unitary CFT contains a scalar operator of dimension ∆ then at large s a tower of double trace operators exists with conformal dimension given by
where τ is the conformal twist defined as τ = ∆ k − s. The coefficient of the anomalous dimension is given by
where the subscript m designates that it is a property of the primary operator in the spectrum with lowest twist (excluding the identity operator). The constant f designates the coefficient of the minimal twist operator that appears in the OPE of O(x) with itself. The first observation that has to be made is that the operator product expansion on a Minkowski background due to dimensional analysis has the form of equation (2.1)
where the sum is over the operators in the spectrum of the CFT. The argument now depends on the evaluation of the four-point function
1 To be fair; that paper gives a more general result than that and demonstrates that if operators with dimension ∆1 and ∆2 exist there should exist large spin operators with dimension arbitrarily close to ∆1 + ∆2. The special case ∆1 = ∆2 will be reviewed here for its lighter notation where conformal transformations have been applied to map all the points onto a plane. The points are chosen to be at the lightcone coordinates
where L is a large constant in the sense that to any arbitrary precision figure 1 . As was mentioned in the previous section two different conformal partial wave decompositions can be found; firstly the s-channel where one first takes the OPE between O(x 2 ) and O(x 1 ). which results in
where G s,∆ (z,z) are the conformal blocks associated to the double-trace operators and their descendants that occur in the OPE and are found by applying equation (2.5) 2 to our situation:
(3.6) By taking the limit z → 0 the last expression is to leading order given by the collinear blocks
Similarly when we take the OPE between O(x 2 ) and O(x 3 ) then the resulting decomposition will be designated as the t-channel:
The distinction between these channels was displayed graphically in figure (2) . It is important now to note that in the limit z → 0 andz → 1 the t-channel conformal blocks reduce to
At this point the constraint of unitarity comes in, a unitary CFT places a contraint on the dimensions of the operator spectrum of the CFT, specifically τ ≥ d − 2 for operators with spin greater then 1 and ∆ ≥ d−2 2 for scalar operators. There is one exception in the form of the identity operator which has scaling dimension equal to 0. The result is that in a CFT that lives in d > 2 there exists a so-called twist gap i.e. there exists a certain operator with minimal twist τ m . Hence by taking the limitz → 1 we can keep the conformal blocks related to the identity and the minimal twist operator and neglect the rest of the terms in the CPW decomposition 3 since they are supressed by higher powers of (1 −z). The result is the following approximation for the t-channel CPW decomposition:
2 Note that the factor 1 2 s in equation (2.5) has been suppressed in equations (3.6) and (3.7), if you wish to keep it just remember to multiply the CPW coefficients with a factor 2 s 3 In other words in the regime we are interested in we can think of the CFT as one where the only operator that couples to the operators O is the minimal twist operator.
where f is the OPE-coefficient related to the minimal twist operator in the OPE between O(x 2 ) and O(x 3 ). Note that the minimal twist operator does not have to be unique. If the theory under consideration contains multiple primaries with conformal dimension τ m then we simply add up their respective conformal blocks.
A key point is that both channels can be made to converge simultaneously by taking x 2 toz = 1 and z = 0 since at this point the lightcones of both x 1 and x 3 intersect therefore x 2 can be made arbitrarily close to both points simultaneously. This leads to the following crossing equation
(3.11) At this point it can be argued that the operator spectrum of the CFT needs to contain double-trace operators of conformal dimension close to 2∆ + s, since it is the only set of collinear blocks (3.7) that can reproduce the leading order dependance on z of the righthand side.
Evaluating the s-channel CPW decomposition
To demonstrate that the anomalous dimension can be argued to be of the form given in (3.1) start with the decomposition into collinear blocks of the free field solution of the four point function
In the region we are interested in only one term is projected out 13) which is exactly the contribution of the identity operator to the crossing equation (3.11) . The coefficients of the CPW decomposition are known and have been calculated in for instance [11] to be:
14) where d is the number of spacetime dimensions and where (a) b denotes the Pochhammer symbol, which is defined as (a) b = Γ(a + b)/Γ(a). At the moment we are interested only in the leading N = 0 terms, in which case the coefficients reduce to:
Plugging the collinear blocks from equation (3.7) into the decomposition (3.13) and replacing the sum by an integral over s leads to the expression 16) note that this means that we implicitly expect the sum over large spins to be most relevant. First apply an integral representation of the confluent hypergeometric function to obtain the expression
Next perform the coordinate transformations:
This results in the expression
The quotient of gamma-functions can be simplified significantly by applying in turn the recurrence relation Γ(x+1) = xΓ(x), the Stirling approximation Γ(x) = 2π
x e x log(x)−x (1+ O( 
The next point is to determine which spins dominate the above integral. To do so perform a saddle point analysis. Rewriting numerator in the integral as an exponent leads to the dominant spinŝ
Resulting expression is dependant on t. To eliminate the t-dependance first use the Laplace method to eliminate the integral over s and then find the saddle point for the integral over t. The first step leads to
Doing a series approximation around (1 − t) << 1 keeping the resulting three singular terms and determining the dominant contribution to t leads to the approximate form
Now that we got this, the value for s that dominates this sum can be expressed as log(s 0 ) = σ + log (2∆ − 1)
This demonstrates that an anomalous dimension of the form shown in (3.1) will accurately reproduce thez dependance of the subleading term on the right-hand side of the crossing equation (3.11).
The anomalous dimension coefficient
In this section the deriviation of the coefficient (3.2) will be reviewed. First look at the crossing equation (3.11) , the important aspect is that the only place where τ occurs and the anomalous dimension would not be negligable compared to s is in the power of z.
Performing the series expansion z
) demonstrates that the this will reproduce the factor log(z) in the subleading term on the right-hand side. This gives a good indication that this approach is on the right track. To recreate the rightz dependance of the minimal twist block, make the ansatz that γ s = −2
Taking on the right-hand side only the leading z ∆ part in the region z << 1 and ignoring all powers ofz results in the following defining equation for c τm .
Therefore the only thing left to do is to evaluate the sum in the denominator 
where the final argument of the hypergeometric function is due to the just established approximate relation s ≈
. Next take the limit → 0, such as to exploit the previous assertion that it is the large spin contribution that dominates the sum. In this limit the hypergeometric function behaves as The region where we will apply the conformal bootstrap is marked with the thick red line, compare this with the point in figure 1 Applying the following integral identity of the Bessel function
4 Γ(c) 2 the previous integral can be solved to give
Finally replacing the sum in (3.26) by this expression results in equation (3.2) that was quoted at the start of this section: 
Generalizing to arbitrary N
In this section we will build on from the previously stated results by applying the techniques developed in the paper [1] to show that operators have to exist in the spectrum with twist close to 2∆ + 2N where N is any positive integer. The result is an expression for the general anomalous dimension of these large spin operators. To do this make the stronger assumption that the crossing equation from before:
1) not only holds true in the limit z → 0 but also at finite but small separation from 0. To do that we will evaluate the crossing equation to all orders in z and not just the leading part, see figure (3). In the end we will find the anomalous dimenion by comparing all the parts of the crossing equation that will contribute logarithmically in z.
The full t-channel
First we will see what the full z-dependance of the t-channel will contribute. To do that we will do a full series expansion of the identity operator contribution and collect all the parts of the minimal twist block that are proportional to log(z). To do this first we will first look at the t-channel conformal block and only keep the leading part in the limitz → 1
2)
The result for the t-channel will be
3) where all terms of the minimal twist block expansion that do not contain a factor log(z) have been omitted. This double sum in the minimal twist block can be made more practical by reorganizing the terms and sorting them by powers z:
4)

The full s-channel
Unfortunately the collinear blocks (3.7) that have been used so far are only the leading order term that one obtains when expanding the full conformal blocks (3.6) in powers of z therefore if we want to take the right-hand side at finite separation we have to be fair and also take the full z dependance of the s-channel conformal blocks into account. Therefore to find the anomalous dimension for every value of N the left-hand side needs to be fully expanded in powers of z and both sides of the equation have to matched term by term. First focus on the full left hand side of the above equation
5) where the conformal dimension of the double trace operators has already been applied. The defining sum representation of the hypergeometric function is given by
Therefore by expanding the prefactor zz z−z in (4.5) in series of z and multiplying this with a series expansion of the hypergeometric series that have z as an argument a full power series of in z can be found:
z ∆+N −1+l ) (4.7) These two quadruple sums can be reordered into a single quadruple sum in the following way
(4.8) Where the step function θ k (l) is defined as:
The mayor simplifying argument is that if we keep the power of z fixed then l is also fixed, but as was shown in [1] it is known that the sum over s in the CPW decomposition will be dominated by the high spin terms. The left term in the sum over l is exactly zero though if s + 1 > l therefore if doing a saddle point analysis over the sum over s is justified then it should be safe to ignore the entire left most term. This would be nice since the only difference between the rightmost term for every index pair (l, k) and the collinear block is a factor that although large is independant of s. Therefore if it was not the case already that the terms ignored are negligable then we could just takez closer to 1 such that the saddle-point of the important points gets shifted to larger values. This is a very heuristic argument, but doing the actual sum over all spins over the terms that are not neglected (as is done in appendix B) demonstrates that this sum will scale as 1 1−z ∆ , and therefore reproduces the scaling of the identity operator contribution to the right-hand side. The finite number of terms that have been neglected have their scaling with variation inz determined by the hypergeometric functions 2 F 1 (∆ + N − 1, ∆ + N − 1, 2∆ + 2N − 2,z). Which will to leading order diverge logarithmically in the limitz → 1. Therefore these terms only form logarithmic corrections and can safely be ignored.
Also doing a parameter transformation q = N + K + l and eliminating l in favor of q leads to the expression The nice intermediate result is that you have an explicit sum over the powers of z so now you can equate the conformal bootstrap equation term-by-term. Also notice that the problem: how many terms have the same power of z. Is equivalent to the problem in how many ways can I distribute q identical objects over 3 distinct containers. Therefore the number of terms with the same power is equal to 2 += 1 2 (q + 1)(q + 2).
The anomalous dimension
As before introduce an anomalous dimension in the exponent of z of the form γ(N, s) = − 2cτ m (N ) s τm note that it is anticipated that the anomalous dimension coefficient will depend on N . This anomalous dimension will recreate the logarithmic dependance on the right hand side via the expansion z
). This results in crossing equation of the form
(4.11) To reiterate this is why we only need the terms of the minimal twist block that contain factors of log(z). The anomalous dimension in the exponent of z in the s-channel is the only place where factors like log(z) can manifest. Our lives are made a lot simpler if we only equate these parts, rather than match the entire extension of the crossing equation.
(4.12) The sum over s in equation (4.12) can be resolved with the assumption that it is the terms at large s that dominate the sum. The calculation is done in appendix A. The result is:
where the factor α(N ) is defined as
. (4.14)
The result is the following crossing equation for the first subleading term
(4.15) From this point onwards all the anomalous dimension coefficients c τm (N ) can be found recursively. To do this take the term related to the greatest value of N (i.e. c τm (q)) and pull it out of the sum. The result is
].
(4.16) Reinstating the cumbersome factors α(N ) leads to
(4.17) Which trivially reduces to the result of [1] , [2] in the case q = 0. To keep the interpretation clear. The one positive term in square brackets is the contribution from the anomalous dimension of the conformal block G 2∆+2q+s,s the negative terms are corrections due to resumming over the subleading terms of the conformal blocks G 2∆+2N +s,s where N < q.
An AdS point of view
In [5] , [6] , [7] , [8] the four-point amplitude of four points located at the boundary of AdS was considered. It was found in [9] that in the large energy small scattering angle kinematical regime the scattering amplitude is dominated by disconnected graphs and crossed ladder diagrams in which gravitons are exchanged. By doing an s-channel conformal partial wave decomposition of the disconnected graphs and assuming that the rest of the amplitude can be created by designing an anomalous dimension that reproduces the tree-level diagrams.
By this method they conclude that it is the limiting behaviour of the anomalous dimension in the regime s >> N >> 1 should be given by
Assuming that it is graviton exchange that dominates the four-point function. Here G is the gravitational constant and L plays the role of the radius of AdS. 4 . We will now demonstrate that the results from the previous section seem too agree with their results. We can do this by making the dual assumption that it is the stressenergy tensor that plays the role of the minimal twist conformal block. In this case the OPE coefficient f of T µν with O twice is given in [1] by
In table (1) the anomalous dimension coefficients are given for a certain choice of parameters. The N-dependance of these numbers is clarified in the below plots. The slope can be read of from the the third column of table (1), it is given by 1.49 for the given choice of parameters. Raising this number to the power 4 leads to a predicted asymptotic behaviour of γ s,N = −4.93 
Conclusion
It has been shown that the argument for additivity in twist space for operators with very large spin previously obtained in [1] , [2] generalizes to all the double-trace operators that are required to construct the t-channel identity operator that appears in the OPE of two scalar operators O(x). These have the symbolic form O∂ s N O. An exact expression for (5.2) the anomalous dimension of these operators has been derived and appears to be supported by dual gravitational calculations.
The required assumptions i.e. a twist gap and crossing symmetry are very general and therefore applicable to a large class of CFTs including strongly coupled theories, unlike past results this method does not assume a large N limit. It neither makes use of gravitational duals, unlike what is done in a.o. [19] , [5] , [6] . Rather any unitary CFT has to satisfy these conditions to maintain consistency with crossing symmetry. The anomalous dimension of these operators obtained earlier in [1] , [2] for the specific N = 0 case can be extended to apply to double trace operators with arbitrary N . This has only been demonstrated explicitly for d = 4. It seems safe to conjecture that the points in twist space 2∆ + 2N limit points for all unitary CFTs that live in d > 2, but as there exist no closed-form expressions for the conformal blocks in arbitrary dimension this method does not trivially generalize to arbitrary dimensions.
The implications of this result are quite powerful on the AdS side. It is an open question what kind of demands a CFT has to satisfy in order for it to have a dual that can be interpreted as a gravitational particle theory, this is discussed in for instance [12] , [13] , [14] . It turns out that all CFTs that live in 4D and satisfy unitarity have a sector of operators with very large spin that resembles a holographic CFT. The reason for this is that when applying the AdS dictionary to the operator O we get a field φ, but additionally we obtain a set of operators in the spectrum of the CFT of which the gravitational duals can be interpreted as the elements of the Fock space of the field φ.
An interesting question in this line of thinking is when and how does this mechanism break down. On the AdS side the anomalous dimension of a double trace operator can be interpreted as the gravitational interaction potential between two bound objects. From this picture it is clear that lowering the spin at some point will bring the objects close enough together that the interaction potential becomes non-negligable. where the CPW coefficients are for d = 4 given in [11] by
(6.2) First pull out all the factors that are independant of spin
and apply the integral form of the hypergeometric function that was applied in section 3 also replace the sum over spins by an integral, the resulting expression is 5) which is similar to equation (B.6) from [1] , therefore from this point onwards the analysis performed there carries over step-by-step. Resulting in the same conclusion that the dominant contribution to the sum over all spins is given by terms corresponding to (6.12) From this point on we have the proper scaling withz. This is consistent with the identity operator contribution to the t-channel. To have full consistency the following statement needs to be true 
